ABSTRACT: In this paper, we give a simple definition of tangents to a curve in elementary geometry. From which, we characterize the existence of the tangent to a curve at a point.
However, in elementary geometry, this definition is still very hard to explain, because what is "the limiting position of secant lines"? And how to overcome this problem?
In this paper, we first would like to give a simple definition of tangents to a curve in elementary geometry. Next, we characterize the existence of tangents to a curve in the space and the relationship between the existence of tangents and the derivative.
The definition of tangents
In elementary geometry, it is very difficult to make the notion about "the limiting position of secant lines" in Definition 1.1 accurate. Because one need to put lines in a metric space or a topological space to consider the limit of them.
Overcoming this problem is based on the idea of the definition of tangents in [2] by Flett and remark that: each line passing through a fixed point is determined by its direction vectors. This view helps us move considering "the limiting position of secant lines" to considering "the limiting position of direction vectors". But the direction vectors of a line must be not zero.
The remark above leads us to considering "the limiting position of direction vectors of a stable length".
That is why we give the following definition.
Definition 2.1. Let L be a curve in the space and a point A ∈ L. Consider an arc of L containing A which is divided into two parts L 1 and L 2 by A such that L 1 and L 2 intersect at only A, and in each part there always exist points that are not A. For each point M ∈ L and M = A, the secant line AM has a unit vector
exist and they are collinear vectors, we call that L has the tangent at A, and both these limits are direction vectors of this tangent.
The condition for the existence of tangents
Suppose that a curve L has the parametric equation Hence we obtain the following theorem.
Theorem 3.1. Let L be a curve having the parametric equation
and From this theorem, we immediately get the following result.
Corollary 3.2. Let L be a curve having the parametric equation
and
Then L has the tangent at A if the following limit exists Particularly, if x(t), y(t), z(t) are differentiable at t 0 and x (t 0 ), y (t 0 ), z (t 0 ) are not all zero, then L has the tangent at A and (x (t 0 ), y (t 0 ), z (t 0 )) is a direction vector of this tangent. In the two-dimensions space, if L is the graph of the function y = f (x) and A ∈ L has the abscissa x 0 and f (x) is differentiable at x 0 , then from above result, it implies that L has the tangent at A and (1, f (x 0 )) is a direction vector of this tangent, i.e., the slope of this tangent is f (x 0 ). 
Now assume that
Then the direction vector of the tangent at A is − → u = (−sint 0 , cost 0 ). It is easily to check that − → u is perpendicular to − → IA = (Rcost 0 , Rsint 0 ). Therefore the tangent to (C) at A is the line passing through A and perpendicular to the radius IA. We obtain the classical method of determining tangents to circles. 
and the slope of the tangent at A is f (x 0 ). To express the relationship between the existence of tangents and the derivative, we consider lim ∆x→0 ∆y ∆x = ∞ as the derivative of the function at x 0 and write f (x 0 ) = ∞. And we call extended derivative of the function y = f (x) at x 0 the finite or infinite limit of lim ∆x→0 ∆y ∆x . Then we obtain the following corollary.
Corollary 3.5. The graph of the function y = f (x) has the tangent at A with the abscissa x 0 if and only if f (x) has the extended derivative at x 0 , and in this case the slope of the tangent is f (x 0 ).
